arXiv:1505.05400v3 [hep-th] 11 Aug 2015 


LTH1043 


Gradient flows in three dimensions 


I. Jack0, D.R.T. Jone^ and C. Poole| 

Dept, of Mathematical Sciences, University of Liverpool, Liverpool L69 3BX, UK 


Abstract 

The a-function is a proposed quantity defined for quantum field theories which 
has a monotonic behaviour along renormalisation group flows, being related to the ( 3 - 
functions via a gradient flow equation involving a positive definite metric. We demon¬ 
strate the existence of a candidate a-function for renormalisable Chern-Simons theo¬ 
ries in three dimensions, involving scalar and fermion fields, in both non-supersymmetric 
and supersymmetric cases. 
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1 Introduction 


It is natural to regard quantum field theories as points on a manifold with the couplings 
{g^} as co-ordinates, and with a natural flow determined by the ,d-functions I3\g). At 
hxed points the quantum held theory is scale-invariant and is expected to become a con¬ 
formal held theory. It was suggested by Cardy jl] that there might be a four-dimensional 
generalisation of Zamolodchikov’s c-theorem |2] in two dimensions, such that there is a 
function a{g) which has monotonic behaviour under renormalisation-group (RG) how (the 
strong a-theorem) or which is dehned at hxed points such that auv ~ oir > 0 (the weak 
a-theorem). It soon became clear that the coefficient of the Gauss-Bonnet term in the 
trace of the energy-momentum tensor is the only natural candidate for the a-function in 
four dimensions. A proof of the weak a-theorem has been presented by Komargodski and 
Schwimmer [3] and further analysed and extended in Refs. HE]. 

In other work, a perturbative version of the strong a-theorem has been derived w 
from Wess-Zumino consistency conditions for the response of the theory dehned on curved 
spacetime, and with x-dependent couplings g\^, to a Weyl rescaling of the metric jS] (see 
Ref. H ^ comprehensive set of references). □ The essential result is that we can dehne 
a function A which satishes the crucial equation 

diA = Tijl3^, ( 1 . 1 ) 

for a function Tjj which may in principle be computed perturbatively within the theory 
extended to curved spacetime and x-dependent g^. Eq. fll.ll) implies 

= (3^-^A = ( 1 . 2 ) 

where Gjj = T(^ij); thus verifying the strong a-theorem so long as Gjj is positive-dehnite. 
(We shall use the notation A rather than a in anticipation of generalising this equation to 
three dimensions.) 

In odd dimensions there is no Weyl anomaly involving curvature invariants in the usual 
fashion; though it does appear in the case of a GP-violating theory with x-dependent 
couplings [H]. Therefore it is not obvious that this approach to the a-function is viable 
(recall that in d = 2 and d = 4 the natural candidates for the a-function are associated with 
Weyl anomaly terms of the generic form R and (the Gauss-Bonnet term) respectively). 
However, the general local RG approach has been used in three dimensions in Ref. m 
to obtain other consistency conditions amongst RG quantities. Moreover, it has been 
proposed that the free energy in three dimensions may have similar properties to the 
four-dimensional a-function, leading to a conjectured “F-theorem” [T21 - IT4] . It has been 
shown that for certain theories in three dimensions, the free energy does indeed decrease 
monotonically along RG trajectories. It has also been argued on general grounds that the 

"^This approach has been extended to six dimensions in Refs. [9], and other relevant work on six 
dimensions appears in Refs.. m- 
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/9-functions should obey a gradient flow equation in the neighbourhood of conformal hxed 
points, with a metric in Eq. fll.ip equal to the unit matrix to lowest order. 

In this paper we take a different approach by explicitly constructing a three-dimensional 
“v4-function”. We consider a range of renormalisable theories in three dimensions for which 
the ,9-functions have been computed at lowest (two-loop) order. This includes general non- 
supersymmetric abelian and SU{n) Chern-Simons theories, together with the supersym¬ 
metric SO{n) Chern-Simons theory (the examples of supersymmetric SU{n) and Sp{n) 
being somewhat trivial). Using the /9-functions, we show by explicit construction the exis¬ 
tence of a function A satisfying Eq. fll.lj) for a metric which is at lowest order (and hence 
perturbatively) positive dehnite. This is of course the method employed in the classic work 
of Ref. [15] . The exact relationship of our A-function with the F-function of Ref. HMD 
is unclear. Certainly an important new feature of our results is that they appear to pass 
some important higher-order (four-loop) checks. In order to elucidate this further we con¬ 
sider a more general (but ungauged) theory where the relation of the ^d-function with the 
/9-functions is more transparent. 


2 Two-loop results 

We start with the abelian Chern-Simons theory with Lagrangian [16] 

L = + \Dp(j)j\‘^ + iipjDijjj 

+ + i^*^k(p*j(j)*k) - (2.1) 

where Dp = dp — igAp and D = j'^Dp. This theory contains equal numbers of scalar- 
fermion pairs (04, /Aj), i = 1 ■ ■ - n with the same charge g, and has a global SU (n) symmetry 
with respect to which {(pi, tpi) transform according to the fundamental representation. It 
is renormalisable, and contains hve dimensionless couplings, {a,l3,^,h,g}. Of course in 
Chern-Simons theories the gauge coupling g has a special role as a topological coupling 
and does not run; its /9-function is zero and will not be further mentioned. 
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The two-loop /^-functions were computed in Ref. [16] and were given as 

= (1^ + 2)a^ + ^a'^f3 -t- (|n 3) + {n + 2)/3^ -h | (|n 07^ 

+ I+ 2)/?7^ + 3/5^5(^ + - |(20n -h 31)05^^ - 8/5/ - 8(n -F 2)/, 

= {^n + 6) a^(3 -h (3n -F y) a/5^ -F (|n + 1) + ^{n + 2)07^ 

+ i (1^ + ¥) “ 3ri/5V + i/ + 2 ) 7 ^/ - i(8n + 31)/5/, 

<^7^^ = {^n + 6) 0:^7 (6n + y) af^j + (|n 6) /5^7 -F |(?7, -F 1 ) 7 ^ 

+ 4^7/ + 2(n + 1)/57/ - |(2n - 5)7/, 

/5^^) = 12(3n -|- ll)/i^ -|- 4/i[4nQ!^ -|- 8af3 + {n + 3)/5^] 

-|- (n -|- 4 )/i 7^ — 4(5?7, -|- 16)/i/ 

— [4?7,/ -|- 16q;^/ 5 -f 4(n -|- b)a^j3‘^ 4(n -|- 3)a/3^ -|- (n -1- 3)/5"^] 

- [(n -F 6 )q;^ -f- (3n -h ll){a/3 + ^/5^)]7^ - ^{n + 3)7 ^ - 2(q; -f /5)7^/ 

-I- 4(na^ 4- 2a/3 + /5^)/ — + 8{na + I3)g^ + 4:{2n + 7)/. (2.2) 


Here and elsewhere, we suppress a factor of (87r)“^ for each loop order. These two-loop 
/5-functions are straightforward to calculate using dimensional regularisation (DREG) with 
minimal subtraction; the relevant Feynman graphs have only simple poles in e = 3 — d, 
associated of course with the absence of one-loop divergences. 


It is straightforward to show that the Yukawa /5-functions satisfy a relation of the form 
Eq. (uni) ; 


/ d^A\ /n 1 0 \ 

df}A = 1 n 0 

\d^Aj \0 0 l{n+l)J 


/4G 

\p?\ 


(2.3) 


where 


A = j (|n -4 2) + I (n^ -4 3n -1- 3) / -1- ^(n -4 1)^7^^ + (|n -4 2) a^f3 

+ |(3n^ -I- 8n -I- 3)13^a -1- \ -|- 9n -1- 8)a^(3‘^ 

-f y (4n -4 9)(n -4 l)(a;^ + /5^)7^ -4 -4 17)(?7, -t- l)a:/57^ 

+ (1 - n2)/5V + \{n + l)af / + |(n + 

- f (20n + 31)aV - + 31n + 12)/52/ 

- f (2n - 5)7^/ - |(20n + 31)a/5/ - 8n(n + 2)a/. (2.4) 


The “metric” here is clearly positive-dehnite (except for the special case n = 1 where there 
is a zero eigenvalue reflecting the equivalence of the a, j3 couplings in this case). Of course 
the metric and H-function dehned by Eq. (11.11) are only dehned up to an overall scale, in the 
absence of any known relation to other RG quantities such as Weyl anomaly coefficients. 

This is on the face of it a remarkable result, and we shall now show that it extends to 
the other three-dimensional theories considered explicitly in Refs. [T6l[T^. We turn hrst to 
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the non-abelian SU{n) Chern-Simons theory with Lagrangian 


+ + i7(^j'0fc0i0fc + ^*j^k(p*j(j)l) - h{(j)*(j)j)^, (2.5) 


where 


V„ 


= d^,(pj - igT-j^A^cpk, (2.6) 

(similarly for V^iIj) with the generators for the fundamental representation of SU{n), 
satisfying [T"^,T'®] = The non-gauge interaction terms for this theory are iden¬ 

tical with those in the abelian theory of Eq. (12. Ih . The two-loop /3-functions for this theory 
were computed in Ref. mi; we quote here the Yukawa /3-functions which are given by 

= (1^ + 2)a^ + ^0^(3 + (|n -f- 3) a/3^ + {n + 2)/3^ -1- j (|n -f- y) 


+ l{n + 2)(3j^ -a(3g^ + 


40n^ 


17n^ 


— 3 2 2 — 1 


/3V + 


2 2 
7 9 


12n2 

3n"^ — 4n^ -|- 5n^ — 8n -|- 16 fj 
- 8^^^ - 


2n 8n 

40n - 1 - 62 4 5n^ -|- 6 ? 7 ,^ — 18n + 84 


4n2 


-fig" 


13^'' = (|n 6 ) a‘^(3 + (3n -F y) af3‘^ -t- (|n + l) + |(n 2)aj 

n? — 1 


+ \{h + t) + 


4n 


2 2 '^) 4 

7 S'-^- oig 


An 


22n^ - 23^2 - 64n + 62 




12n2 2n2 

/3® = (| 77 , + 6) a^y (6n y) Q!/3y -1- (|n 6) f3‘^'y + |(n -h l)y^ 

(n —l)(n-|-2) 2 “ 1)(2?^ + 1) o 2 


n 


-ayfif -t- 


n 




(n-l)(2n2-2n + 5) 4 

6n2 ■ 


(2.7) 


The non-gauge terms in Eq. fl2.7p are of course identical with those in Eq. 

The corresponding Y-function (with a metric identical to that appearing in the abelian 
>e, Eq. fl2.3p i. is given by 

A = j (|n + 2 ) + I (^2 + 3n + 3) (3^^ + ^(n + l)^y'^ + (|n -f 2) a^/3 

-I- I(371,2 _|_ _|_ 3 )^ 3 ^ _|_ 1(^472,2 _|_ _|_ 3 )q, 2^2 

y(4n 9)(n l)(a2 + /3^)j^ -f y(9n -F 17)(n -h l)a/3j^ 

-n + 2 

J_-1- 


ca), 

is 

(§77 + : 

2) 

- 1(3772 

+ 

y^(477 

+ 

- (772 — 

1) 

2 O 77 - 

■ 1 


2 2 , 277-I- 1 2^2 , a2^2 I 1 03^2 

g + 2«/3 g + 7y/3 g 


L 877 " + 877 

2 4 II 772 - 477 - 12 

a g - - 


2„4 


1277 

15772 + 4077 - 62 

12^^2 


fi^g 


2n 

2772 - 277 + 5 


2 4 

7 9 


ctfig" + 


12772 ^ ^ 434^2 

3772 — 877 + 16 f; 477 ^ — II 772 — 877 + 16 
-ag - 


8772 


8773 


/3/ . (2.8) 
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Once again, the non-gauge terms are identical to those in Eq. fl2.4p . 

We have so far not discussed the scalar /9-function j3h- For this we shall return to the 
abelian case of Eq. fl2.1l) . We expect a relation of the form 

dhA = X/9f + ... (2.9) 

where in principle the right-hand side could involve the Yukawa /9-functions as well. How¬ 
ever, it turns out that no such additional terms are required at this order. If we retain 
only fih in Eq. 12.91 and integrate using Eq. fl2.2p (assuming X is independent of h), we hnd 
that we need to modify A in Eq. ( 12 .4p according io A ^ A + Ah where 


Ah 


X 


4(3n -I- ll)h^ -I- 2h^[Ana^ + 8a(3 -1- (n -|- 3)/?^] 


-I- |(n -I- 4 )/i^ 7 ^ — 2(5n -|- 16)h‘^g'^ 

— h[Ana^ -|- 16a^f3 + 4(n -f + 4(n -|- 3)af3^ -|- (n - 1 - 3)/5^] 

— h[{n -|- 6 )a^ -|- (3n -|- 11 )(q!/9 -|- — ^(n -|- 3)h'y^ — 2h{a + 

+ Ah{na^ + 2aj3 -\- I3‘^)g^ — h'j'^g'^ + 8h{na + /3)g^ + Ah{2n + 7)g^. (2.10) 


It is then clear that we need to consider higher-order contributions to Eq. (12.3p . since 
Eq. (I2.inp will yield contributions to da A of the form and a^h which are produced 
by four-loop diagram^. At the very least we should include four-loop contributions to 
I3a, etc on the right-hand side of Eq. (12.3p . We have accordingly computed the four-loop 
contributions to /3-functions for a, jd, 7 with one Yukawa coupling and two scalar couplings; 
and with three Yukawa couplings and one scalar coupling. The results are 

= h?[\{n -M)(n + 2)a + 2(n - 1 - 2)/9] 

— |(n + 2)/i|4(n -|- 1 )q;^ -|- 10(n -|- 2 )q;^/ 3 -|- (2n -|- 9)a/3^ + (n + 3)/3^ 

-j- j[{2n 11)0 -|- {3n ll)/3]7^j’ + .. ■, 

= l{n + 2){n + A)h^(3 

— |(n -|- 2)/i|2(n -|- 6)q;^/3 -1- (3n -|- 19)a(? -t- (n -|- 3)/3^ 

+ ^[3(n 4)cr -1 - (3ti -|- 11)/3]7^j' + ..., 

(3^^ = |(n + 2){n + A)h3^ - |(n -h 2)h^ [{n + 6 ) 0 ;^ (3n -h ll)(a/9 + 1/3^)] ..., (2.11) 

where the ellipses indicate pure Yukawa contributions which we have not calculated. In 
general, the metric which we have given to leading order in Eq. (12.3p might be expected 
to have additional higher-order corrections. However, it turns out that as far as the terms 
in A in Eq. (I2.10p are concerned, no corrections are required and provided we take 

X = + l){n + 2) (2.12) 

^This is analogous to the “3-2-1” phenomenon discussed in Ref. [18] . 
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we have 


d^Ah = nl3^^'> + /3^p\ 
d^Ah = (5^^ + nj3f\ 

d,An = \{n + l)P^^\ (2.13) 

We shall see later that we can shed more light on the situation by tnrning to the general 
(bnt non-ganged) case; bnt for the present we continne in the next section by considering 
the snpersymmetric gange theory. 


3 The supersymmetric case 


We tnrn to the non-abelian M = 1 snpersymmetric case. Here we consider an action 


S 







- - igrfT®®,) 


(3.1) 


where is a real gange snperheld and $ a complex matter snpermnltiplet (once again 
in the fnndamental representation). Note that here a and (3 are three-dimensional spinor 
indices. We have a gange conpling g and matter conplings rjQ, gi. We refer the reader to 
Refs. [Hid?] for the dehnition of the snpercovariant derivative and other details of the 
notation and conventions. Of conrse in the abelian and also the non-abelian SU{n) case, 
this action is already inclnded in the general cases of Eqs. fl2.ll) . 02.51) . 
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The /3-functions are given hjE 

~ [(-^31 + + TrCr + 2Cjj.)rii + ^TrCaq'^ — + 5 '^) 

- ICnCAi^rji - 3/) + - 3g^)] {rjl - /) 

+ [Tr{Vi + Vi9^ + 9^) + CniSgl + 4 ^ 71 ^^ + 3^^) 

- iC'A(5?7i + 8r]ig‘^ + 7g^)]R2i{gi - g^) 

+ [( 6 -R 21 + lOC/j -|- 3Tfj — ^Ca)Vi + ( 2 ^ + ll)hi^o 
+ 2,CBj]ig‘^ — (2i?2i + \Ca)9‘^\9oi 

= [(-^30 + \Rto)r]i - |i?/o(hi + £/^)] {vl - /) 

+ [2^R(hi + 919 ^ + 9^) + Cni^Vi + 4:gig^ + 3g^) 

- iCA{5gl + 8771 / + 7g^)]R2o{vi - /) 

+ [ 7 C'r? 7 i? 7 o -h 3(n -h 2)^^ + C'r? 7 o/ 

+ 2-R2o(377i — 5'^) + (2C'ij -|- 2T]i — CA)Cji{gl — g‘^)]go- (3-2) 

Here the “reduction” coefficients Rxi (where X takes the values 2,3,t,f and 7 = 0,1) are 
dehned by 

Tx = RxqTo -I- RxiTi, (3.3) 

where 


To = (<h$)2, Ti = 

T2 = ($T^T®$)^, T3 = ($T^T^T'^<|))2^ 

Tt = ($r^<h)($r^r‘^$)tr(r^{T^,T*^}), Tf = /■®^*^/®^^($r^T'®<h)($r‘^T^$). 

(3.4) 


The group invariants are dehned as usual by 

CrI = T^T^, Tr6^^ = tr(r^T^), Ca^^^ = (3.5) 

As shown in Ref. Cl. the reduction coefficients may be computed for the classical groups 
SU{n), SO{n) and Spin)] however for SU{n) the identity 

T,^R\ = TASuhi - n,Ai) (3.6) 

yields a simple relation between Tq and Ti, and a similar argument (with a different iden¬ 
tity) holds for Spin)] so that effectively 770,1 may be replaced by a single coupling. This 
is not the case for SO{n), where the analogous identity to Eq. (13. 6 h does not reduce the 
number of quartic scalar invariants. In this case there is therefore potentially a non-trivial 

® Since we now deal with supersymmetry, the issue of use of regularisation by dimensional reduction 
(DRED) [19] rather than DREG arises; but since as indicated earlier, the relevant two-loop graphs have 
simple poles in e, minimal subtraction gives the same result in both cases. 
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result for the A-function, so we confine our attention to this gauge group for the remainder 
of this section. We have for SO{n) [T7] 

Cr = |(n — 1)Tr, Ca = {n — 2 )Tr 

R20 = ~ R30 = Rfo = — ^Tr{'^ ~ 1 )(^ ~ 2 ), Rto = Rti = 0 , 

R 21 = -^TR{n - 2), i? 3 i = jTUn^ - 3n + 3), Rf, = ^TUn - 2)(n - 3), (3.7) 
so that the /3-functions of Eq. fl3.2p take the form 

= (’^ - 1 ) + QVi 9 ^ + - g^) + Tl{ 3 rii - 2^)770 

+ \TR{7rji + g^)rj^ + 3{n + 2)r]l, 

= Tr[-A + |(^ - 2)?7i/ + 1(3 - 4n)77i/ + \{n - 2)/] 

-h [\{n + 14)771 + {n- 1 ) 771 / -h \{n - 2)/]Tr77o -h (277, -h 11 ) 771 /- (3-8) 

The value of Tr depends on the choice of scale for the representation matrices and structure 
constants.There are several possible convenient choices in the SO{n) case; see Ref. [20] for 
a discussion. It is straightforward to show that the /3-functions satisfy 

'4(n+l) 


drioA 






(3.9) 


where 

4 = 3(" + iH" + 2) ,4 ^ ^ 

T}j -L 

- |(n + 3)rJJg'ijo + 6(n + 2)Tari^7]i + f(n + 2)r|77ji)j 

+ {n- l)Ty‘i]lrfi - i(6>i - 2)Tli/riorii + f (n - l)Tli/riorii 
+ |(n + 2)T7,,o>)? + ^(n + 2)7', + i(7,i - 13)r7/,,? 

- i(13n - + i(n - 7)r‘g%. (3.10) 

We see from Eq. fl3.9p that the metric is again positive dehnite. 

In Eqs. (13.9p . (LO.lOp we have extended the range of our results to include the M = 
1 supersymmetric SO{n) theory, in addition to the general abelian and SU{n) theories 
considered earlier. There is little to be gained from detailed consideration of the Sp{n) 
supersymmetric theory; since there is in this case effectively only a single coupling, the 
existence of an ^-function satisfying Eq. fll.ip is trivially guaranteed. 


Finally a word is in order concerning the relation between the general SU{n) theory of 
Section 2 and the supersymmetric SU{n) theory dehned in this section. One may obtain 
the supersymmetric SU{n) theory of Eq. fl3.ip from the general lagrangian of Eq. fl2.5p by 
imposing m 


g „ , 1 21 4, 1 


7 ^ 


n-l, 2 ^ , 

ivo-g ), 


2 n 


16n‘^ 


(3.11) 
















where we have set 771 = 0 since again for SU{n) there is effectively only one conpling. 
It is interesting that dne to the replacement /i ~ t/q, A/j in Eq. fl2.10p will be entirely 
0{t]q). The terms in h which in the general case would have yielded the two-loop /3h (upon 
differentiation with respect to h) will now give rise (upon differentiation with respect to 
? 7 o) to higher-order contributions to the metric in Eq. fll.ll) multiplying the two-loop 
The connection between the four-loop and two-loop /3-function coefficients is no longer 
apparent. A full four-loop analysis (in which it would be appropriate to use DRED rather 
than DREG) might reveal equivalent constraints on the /3-function; or alternatively the 
requisite relations between /3-function coefficients might be an automatic consequence of 
supersymmetry. 


4 General theory 

The above results present, at first sight, persuasive evidence for an a-theorem. It is natural 
to consider a generalisation to a theory with arbitrary scalar and fermion content. Thus 
we consider the theory 


A 2 -|- (Z3^0j) -1“ -1- T Q\hijklmn(pi(pj(pk(pl(pm^n (4.1) 

where we employ a real basis for both scalar and fermion helds. (Recall that in d = 3, 
7/3 = 7 / 3 *^, and there is no obstacle to decomposing 7/3 into real Majorana fields.) 

For the purposes of this paper we shall restrict ourselves to considering the general 
theory in the ungauged case. The result for the two-loop Yukawa /3-function may then be 
written as 

^^abij = + 6/3^^)^, (4.2) 

where correspond to the tensor structures given by 


Pabij ^acilYcdjrnYdblm Y^ci-ijiYcdjmYdbil YacjlYcdirnYdblm Y YdQi^YQdiTn^dbjh 
qY) — \a V V 

^abii ^ aclm-^ cdij a 


'^abij 


aclm ^ cdij ^ dblm i 


l^abij Y^cdikY^abklYcdlj} 

pi^) _ V V V 

i^abij ^ cdlm-^ dblm 


“ 1 “ Y^adlmY^dclmY^cbij-} 


^abij Y^abikY^cdklY^dclj Y^cdil^dclkY^Q 


edit ^ dclk ^ abkj ? 


(4.3) 


and where 

a = f) = c = 2, (i = e = |. (4.4) 

(Note that correspond to fermion and scalar anomalous dimension contributions.) 

Upon specialising to the theory of Eq. fl2.ip . we obtain contributions to the /3-functions of 
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the three couplings a, (3 and 7 given for by 

_ 4 q ,3 gQ ,^2 _j_ 2nl3^ + | 7 ^[ 3 q; + (3n + 4)/3] 

= 12a^l3 + Qnal3'^ + 2(3^ + i 7 ^[ 3 (n + 2)a + (2n + 3)/3] 

/3!y^'^ = 47 [ 3 q;^ + 3(n + 1 )q;/ 3 + (n + 2)/3^], (4-5) 

for by 


^ = 2na^ + 4a^/3 + 2nal3‘^ + 2(3^ + ^7^[(n + l)a; + [3], 

= (3^p'^ = 2na‘^f3 + 4a/3^ + |/57^, 

= /3\^^ = 27 (n «2 ^ 2a/? + /3^), (4.6) 

and for the anomalous dimension contributions by 

/37 = 7'’ = 7«. 

7 = 2(nQ!^ + 2a/? + n/?^) + |(n + 1 ) 7 ^, (4.7) 

with similar results for It is easy to check that upon adding the contributions to 

(3a,i3,'y from Eqs. fl4.5|) . fl4.6jl . fl4.7p . and incorporating the factors of a-e from Eq. fl4.4l) . we 
obtain the /^-functions given in Eq. (12.21) (upon setting the gauge coupling = 0) up to 
an overall factor of 4 which we are unable to account for. Of course such an overall factor 
has no effect on the existence or otherwise of the A-function. 

It can readily be seen that for //-functions given by Eq. 04.31) . the ^d-function given by 

A = aAa \bAi) ^cAc -j- ^dA^ -j- ^eAg, (4-8) 


where 


A, 

Ad 

Tie 


satishes Eq. (II.ip in the form 


where we dehne 


Yabij ^bckA^cdik ^dajl j 

V V V V 

^ abij ^ bckl cdij dakl 5 

V V V V 

abij ^ cdjk ^ abkl ^ cdli 5 

V V V 'V 

^ acij cbij ^ bdlm ^ dalm 5 
Y^abil ^balj ^cdil ^dclj • 


^abij ’ 


dY„ 


abij 


d 


dY„ 


abij 


~^a'yi'j' ^{.^aa'^by “ 1 “ ^ab'^ba'^i^^ii'^jj' “ 1 “ ^ij'^ji'^' 


(4.9) 

(4.10) 


(4.11) 
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The corresponding (lowest order) contribution to the metric Gjj is therefore effectively 
the unit matrix in coupling space. The different tensor structures in Eq. fl4.9p are depicted 
in Table [1] where a vertex represents a Y and full (“fermion”) and dashed (“scalar”) lines 
represent contractions of a,b,... and indices, respectively. Differentiation with 

respect to Y therefore corresponds to removing a vertex, and is easily seen to produce a 
potential /5-function contribution. 



Table 1: Contributions to A from Yukawa couplings 


Upon specialising once again to the theory of Eq. fl2.ip . we obtain 

Aa = na^ + 4:a^l3 + -f 2(n^ -|- l)a(3^ -\- nf3‘^ 

Y T l)y^[3ci;^ Y 3(?7, -t- 1 )q!/3 Y {n Y 2)/3^], 

Ab,c = + 4na^^ -1- 2(n^ -|- 2)a^j3‘^ Y Y Y |(n -|- l) 7 ^(nQ!^ -|- 2a/3 Y /3^)], 

Ad,e = Y ^na^j3 Y 2(v? Y 2)a^j3‘^ Y ^nal3^ -f n^/5^ 

Y \{n YY)')‘^{na^ Y2aj3 Y nj3‘^)]] (4.12) 

and again, it may readily be checked that upon inserting these expressions into Eq. fl4.8l) . 
we obtain the y4-function derived in Eq. fl2.4l) (with, again, g = Y). So far, there is no 
constraint on the two-loop coefficients a-e in Eq. fl4.4p . This is because the symmetries of 
the tensor structures appearing in Eq. fl4.8p imply a one-to-one relation between kl-function 
contributions and Yukawa /5-function contributions. This may be seen in Table [T] where in 
each diagram, the removal of any vertex leads to the same /5-function contribution. The 
Y-function can thus be tailored term-by-term to match any values for the /5-function coef- 
hcients. This situation appears likely to be unchanged if we include gauge contributions, 
although we have not performed the explicit calculations. 

However, a crucial difference arises in the case of the scalar coupling hijUmn- The 
two-loop /5-function for h is given by 


Wh^)ijki 


mn 


h /^Ul) I 1 . oiY) I 1 oiY) I L oiY) I r n{Y) 


where 


(4.13) 


l^ijklmn ~ 6 ! i^ijkpqrhlmnpqr 
f^ijklmn ~ '^{hijklmpYabpqYahnq 


Y perms), = ^{hijUpqYahmpYahnq + porms), 

-|- perms), Pijklmn ffJ^^abijYbcklYcdmpYdapn Y perms), 
f^ijklmn iy^abij^bcmp^cdkl^dapn Y perms), (4.14) 
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where “+ perms” completes the 6! permutations of the indices {ijklmn} and 


hi = y, ^2 = 30, h-a = 4, = —360. (4-15) 

Eq. fll.ip may be satisfied for the coupling hijkimn by introducing extra ^d-function contri¬ 
butions 

A ^ A + hiAh^ + ^2^4/12 + h^Ah^ -|- h^A^^ -|- h^A^^, (4.16) 

where 




{h2) 


3(^3) 


Ah4 ^^ijklmnl^ijklmni ^^ijklmnf^ijklmni 


(^5) 


(4.17) 


so that manifestly 

7 ^ 7 ^ = Kl^t\klmn. (4.18) 

^ ^ijklmn 

The different tensor structures in Eq. fl4.17l) are depicted in Table [2l Here differentiation 
with respect to h corresponds to removing a vertex with six “scalar” lines (an h-vertex) 
while differentiation with respect to Y corresponds as before to removing a Y vertex with 
two “scalar” and two “fermion” lines. 



Table 2: Higher order contributions to A from scalar coupling 


So far there is no constraint on hi_ 5 , just as in the case of a-e. However, when we 
differentiate A in Eq. fl4.16p with respect to Yabij, we obtain terms with the structure of 
four-loop contributions to (3aUj (as we saw earlier in Section 2, and easily see by removing 
Y vertices from diagrams in Table ([2])). So if Eq. fll.ip is to remain valid, then the A- 
function of Eq. 04.161) already requires that Eq. fl4.10p should be extended to four-loop 
order. In principle at this order Eq. fl4.1U|) could include higher order contributions to G/j, 
contracted with the two-loop Yukawa /3-function; however it is easy to see that these do not 
contribute to the h-dependent terms we are considering. We thus obtain from Eqs. 04.101) . 
fl4.16p a prediction for the h-dependent contributions to the four-loop (3 function for Y, 
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given by 


h 2 PM] + + /^-independent terms, 


Aha) 


j(h4,) 


(hb) 


- \ 

PaUj — ^ 

o(h2) _ ^ ^ 

l^abij '‘'ikmnpq'‘'jlmnpq^ abkh 

f^abij hilmnpqhklmnpq^abkj “I” hjlmnpqhklmnpq^abik^ 

f^abij [(Yacik^cdlm^dbnp YfiQYipYcdlmYdbik)hjklmnp 

{y^ackj^cdmp'^dhnl d” ^acnl^cdmp^dbkp)hijklmn\ j)) 

f^abij \y^acki'^cdjimy^dhnphiklmnp d” ^ackp^cdlm^dbnphijklm,ri\ d" (/ j')- 


(4.19) 


Note that in the case of the ^. 4^5 diagrams in Tabled there are two topologically inequivalent 
types of F-vertex and therefore differentiation with respect to Y yields two different types 
of /^-function contribution from each of these diagrams. Remarkably the predictions of 
Eq. fl4.19p are verified by explicit calculations, provided A = ^. This agreement requires 
relations between two and four loop Feynman diagram pole contributions, and indeed (since 
as mentioned and each appear in two distinct /3-function contributions in Eq. (I4.19p ) 
between distinct four-loop Feynman diagrams. Yet again, these results are in agreement 
with the earlier explicit results, in this case those of Eqs. (I2.1ip . (I2.13p . Since A 7 ^ 1, the 
overall metric in {Y, h} coupling space is not simply the unit matrix; however, this could 
of course be arranged by a rescaling of h. 


5 Conclusions 

We have demonstrated explicitly the existence of a three-dimensional y4-function satisfying 
Eq. fll.ip for the two-loop /3-functions derived earlier in Refs. [T 6 l[T^ for a range of gauge 
theories coupled to scalars and fermions. Considering a more general (but ungauged) 
theory, we have shown that at lowest order the existence of the A-function is guaranteed 
irrespective of the values of the coefficients of the two-loop /3-functions for the scalar and 
Yukawa couplings; but that this A-function also entails predictions for terms in the four- 
loop Yukawa /3-function. We have verified that these predictions are correct. It would be 
interesting to investigate the relation between our results and those of Ref. [H]. These 
authors presented arguments based on conformal held theory for an “F-function” satisfying 
Eq. fll.ip at lowest order, and also found a trivial metric at this order. However, their 
calculations did not reveal the subtle interplay between the two and four loop /3 functions 
which is necessary for consistency in the theory with both fermions and scalars. 

It is worth pointing out that these methods could also be employed in four dimensions; 
indeed,they already were to a considerable extent in Refs. mEn, though here the metric 
was known already at leading order from explicit computation. It would appear that 
in both cases the leading order metric is constant (except for a ^ factor in Ggg in four 
dimensions), and owing to the “3-2-1” phenomenon [18] could be determined using our 
present method up to an overall factor. 
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It is clearly of crucial importance to carry out the full four-loop calculation (at least 
for the non-gauge theory) to complete the check that Eq. fll.ll) is valid at this level. This 
computation is under way and will be reported on shortly [22]. It would also be of interest 
to extend our lowest order computations to a general scalar-fermion gauge theory. 

Our results certainly appear to point to the all-orders validity of Eq. fll.ip in three 
dimensions. One way to conhrm this would be to attempt to adapt the renormalisation 
group approach of Refs. [6|. As commented earlier, this approach is hampered by the 
lack of natural RG quantities to serve as the natural candidate for an A-function. One 
potentially signihcant observation is that is dimensionless in all dimensions but there is 
no clear link between the /3-function for the coefficient of this quantity and the A-function 
as computed here. 

Finally it would be interesting to test the monotonicity of our A-function beyond the 
weak-coupling limit, by examining its behaviour at hxed points. This could in principle be 
done explicitly; the hxed-point structure of the models considered in Section 2 was already 
mapped out in Refs. |T6l[T^. More speculatively, one might investigate whether the values 
of A at hxed points in supersymmetric theories bore any relation to the corresponding 
values obtained by “F-maximisation” [23] . 
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